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Abstract 
    The rising of topological materials MnBi2Te4/(Bi2Te3)n with built-in magnetization provides 
a great platform for the realization of long-sought axion insulators with time-reversal breaking. As 
the direct evidence of the quantized bulk magnetoelectric coupling, half-quantized anomalous Hall 
effect at the gapped surface are predicted in axion insulators based on simplified models, yet to be 
realized. Using both model Hamiltonian and first-principles calculations, we demonstrate that by 
tailoring the magnetization and interlayer electron hopping, a rich three-dimensional topological 
phase diagram can be established based on MnBi2Te4/(Bi2Te3)n systems. It includes three types of 
topologically distinct insulating phases bridged by a Weyl semimetal phase. Among them, we find 
that the surface anomalous Hall conductivity in the axion-insulator phase is a well-localized 
quantity either saturated at or oscillating around e2/2h, depending on the magnetic homogeneity. 
With the discussion of the experimental prerequisites and proposals, our study is significant step 
forward towards the realization of half-quantized surface anomalous Hall effect in realistic 
material systems. 
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    Three-dimensional (3D) crystalline insulators with non-vanishing Chern-Simons orbital 
magnetoelectric coupling exhibits effective axion electrodynamics, which are characterized by 
fractionalized surface anomalous Hall effect [1-4]. If either time-reversal (T) or inversion 
symmetry (I) is present, the coupling phase angle θ must be quantized as 0 or π (modulo 2π), the 
latter of which with an energy gap at the surface is also known as “axion insulators” [1,2,5]. Thus, 
the axion insulator exhibits quantized bulk magnetoelectric coupling coefficient, which is 
equivalent to half-quantized surface anomalous Hall conductivity (AHC) e2/2h. For 3D T-
preserved topological insulators (TIs), however, such half-quantized surface AHC is exactly 
compensated by the gapless surface Dirac cones of TIs. Therefore, the realization of the axion 
insulator phase was typically based on introducing extrinsic magnetic dopants to the top and 
bottom surfaces of a 3D TI to gap the surface states [6-9]. In a magnetic hysteresis loop, this setup 
would give rise to two quantum anomalous Hall states with opposite Chern numbers connected by 
an intermediate insulating phase with zero Hall plateau [10], which is originated from the opposite 
surface magnetizations and the absence of carriers when the Fermi level (Ef) lies in the surface 
gaps. Compared with the quantum anomalous Hall state where the topological nature is well 
established by a nonzero Chern number and chiral edge states, the direct evidences of axion 
insulator, such as the topological magnetoelectric effect and half quantization of the surface AHC, 
is much more challenging to measure [11,12]. In such context, a comprehensive theoretical study 
for different topological phases based on specific material candidates would provide useful 
guidance for the actual experimental realization of the half-quantized surface anomalous Hall 
effect.  
The recent discovery of superlattice-like compounds MnBi2Te4/(Bi2Te3)n with Van der Waals 
(VdW) layer-stacking structures [13-18] presents a series of stoichiometric magnetic topological 
materials with fruitful topological phases, such as Chern insulator, quantum spin Hall insulator, 
high-order TI, and axion insulator [19-25]. Among them, quantum anomalous Hall effect has been 
experimentally confirmed in odd-layer antiferromagnetic (AFM) MnBi2Te4 [19]. Zero Hall 
plateau is also observed in even-layer MnBi2Te4 as an indirect evidence of the axion insulator 
phase [20], which may exhibit half-quantized surface AHC. However, despite being a fascinating 
theoretical concept, some key issues about the half-quantized surface AHC in this material family, 
such as the surface penetration depth and the contributions from the layer-projected bulk states, 
still remain elusive. On the other hand, a remarkable difference between MnBi2Te4/(Bi2Te3)n and 
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surface-doped TI is that the former ones have magnetic order in the bulk and hence they could be 
axion insulators protected by I rather than T, which may also lead to different signature of the 
surface AHC.  
In this work, by tuning the interlayer coupling and magnetization, we construct a 
MnBi2Te4/(Bi2Te3)n-based phase diagram with various 3D topological states, including axion 
insulators, 3D Chern insulators, 3D quantum spin Hall (QSH) insulators and Weyl semimetals. 
Their distinctive surface AHC features are comprehensively studied. Instead of using over-
simplified models, we construct atomistic Hamiltonians from density-functional theory (DFT) 
with close reliance on realistic attributes of matter, yielding a direct comparison with the angle-
resolved photoemission spectroscopy (ARPES) measurements for the band dispersions. By 
mapping the Chern number of a thick slab onto each VdW layer, we find that such real-space, local 
Chern marker in the axion insulator phase is well localized at the surface and results in a surface 
AHC either saturated at or oscillating around e2/2h, depending on the magnetic homogeneity. In 
addition, while both the axion insulator and 3D Chern insulator phase can be characterized by the 
symmetry indicator of inversion ℤ!  = 2, the latter, as well as Weyl semimetal phase, do not 
manifest a well-defined surface AHC. Therefore, the locality of the surface AHC is determined by 
the chiral side surface states of the bulk, rather than the metallicity of the bulk or slab. Finally, we 
discuss the preconditions and several experimental proposals to reveal the half-quantized surface 
AHC in MnBi2Te4/(Bi2Te3)n. 
Multiple topological phases in MnBi2Te4/(Bi2Te3)n and their characteristic surface AHC 
To begin with, we tune the hopping parameter between VdW layers in MnBi2Te4/(Bi2Te3)n to 
realize different 3D topological phases, and illustrate that a well-localized, half-quantized surface 
AHC is the signature of the axion insulator phase. Recall that a MnBi2Te4 monolayer can be 
effectively described by a Bi2Te3 monolayer under a ferromagnetic (FM) exchange field [24], we 
consider a 3D layered structure composed by vertically stacking 2D TIs, i.e., bilayer Bi2Te3, with 
variable separation between bilayers (d) and magnetization (M). Thanks to the successful 
synthesize of single-crystal Mn-Bi-Te family and molecular beam epitaxy technique, such 
multilayer heterostructure could be realized by intercalating an atomic or VdW buffer layer, e.g., 
BN or In2Se3, into MnBi2Te4/(Bi2Te3)n. The model Hamiltonian is written as 
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 	𝐻 = ℏ𝑣"𝜏#(𝝈 × 𝒌)# +𝑚$𝜏% +𝑀𝜎# + 𝑡&'( (𝜐)𝜏* + 𝜐*𝜏)) + 𝑡&'2𝜐)𝜏)𝑒+$!, + 𝜐*𝜏*𝑒*+$!,4,  (1) 
where 𝒌 = 2𝑘% , 𝑘- , 𝑘#4 = (𝑘∥, 𝑘#) is the momentum, 𝜎, 𝜏 and 𝜐 are Pauli matrices acting on spin, 
surface and layer, respectively [26], with 𝑠± = 2𝑠% ± 𝑖𝑠-4/2	  (𝑠 = 	𝜏, 𝜐 ). The first two terms 
describe a monolayer Bi2Te3 with Fermi velocity 𝑣"  and Dirac mass 𝑚𝒌 = 2Δ − 𝐵𝑘∥14 [27,28], 
while the third term denotes the FM exchange coupling between the magnetization M and electrons’ 
spin. Intra-bilayer and inter-bilayer tunneling are considered as the 𝑘#-independent hopping and 𝑘#-dependent hopping in the last two terms with 𝑡!"#  the intra-bilayer hopping integral and 𝐷 the 
superlattice period. For the inter-bilayer hopping, we introduce an exponentially decaying scaling, 
i.e., 𝑡!" = 𝑡!"# ⋅ 𝑒$%('$'!) '!⁄ , where 𝑑# and 𝑑 are the intra- and inter-bilayer spacing. The analytical 
solutions of Eq. (1) is provided in Supplemental Material [29].  
As shown in Fig. 1(a), the origin of the phase diagram represents a 3D Bi2Te3 TI phase. Varying 
the inter-bilayer coupling with preserved T leads to a ℤ1 classification, denoted by the horizontal 
axis. When the inter-bilayer coupling is weakened, the phase transition between strong TI (ℤ1 = 1) 
and weak TI (ℤ1 = 0) occurs. With increasing magnetization, the two TI phases evolve to axion 
insulator and 3D QSH insulator, respectively, the latter of which can be considered as a trivial 
stacking of T-broken QSH insulator [30]. When the exchange field is strong enough, a 3D Chern 
insulator phase [31-33] with chiral side surface states emerges. Under a finite exchange field, the 
transition between these three topologically distinct insulating phases inevitably passes an 
intermediate region, i.e., the Weyl semimetal phase [34]. 
Depending on the magnetization per VdW layer, the different pristine FM MnBi2Te4/(Bi2Te3)n 
compounds can be mapped onto the vertical axis of the phase diagram with d=d0, as marked by 
the red stars in Fig. 1(a). Since the Hamiltonian in Eq. (1) has I, one can compute the symmetry 
indicator of I, a ℤ! invariant, to determine their topological nature [35-37]. The ℤ! invariant is 
defined in the following 
 ℤ! = ∑ 2"#*2"$1 		3$45 𝑚𝑜𝑑	4, (2) 
where 𝑛𝒌)/𝑛𝒌* is the number of occupied states with even/odd parity at one of the eight inversion-
invariant momenta k. By adding a small magnetization, each doubly-degenerate band of the strong 
  
5 
TI and weak TI phases splits into two bands with the same parity, leading to ℤ! = 2 and ℤ! = 0, 
respectively. For the 3D Chern insulator which is adiabatically connected to a vertical stacking of 
a series of 2D Chern insulators, it also yields ℤ!  = 2, but from a different parity distribution 
compared with the axion insulator. As shown in Fig. 1(a), T symmetry is always broken at a generic 
point in the phase diagram except for the horizontal line with M = 0, which implies that any 
transition between two of the three insulating phases must be connected by an intermediate Weyl-
semimetal phase. Our symmetry analysis based on DFT calculations show that all the pristine FM 
MnBi2Te4/(Bi2Te3)n (n = 1-4) compounds are I-preserved axion insulators. For comparison, we 
also calculate Mn2Bi2Te5 where the magnetic moments per VdW layer is twice as that in MnBi2Te4, 
and obtain an unambiguous Weyl semimetal phase, as marked in Fig.1(a). 
    Having established the phase diagram, we next calculate the profile of the local Chern marker 
of the topological phases with nontrivial ℤ! numbers. In principle, one can define a local AHC 𝜎*+, = 𝐶- ⋅ ."/ , with 𝐶-  being the real-space projected Chern number in the z direction. Using 
realistic tight-binding Hamiltonians in the Wannier-function basis transformed from the Bloch 
eigenstates obtained by DFT calculations, we compute the local Chern marker 𝐶-(𝑙) projected onto 
each VdW layer [38,39], expressed as 
  (3) 
where 𝑋 and 𝑌 are the velocity operators along the x and y directions, respectively. 𝜌66%(𝑙) is the 
projection matrix on to the corresponding layer 𝑙, which implies a summation over all atoms within 
a VdW layer. Details of the calculations are provided in the Supplemental Material [29]. 
    The results for the pristine FM MnBi2Te4 slabs are shown in Fig. 1(b). We find that the 
integrated layer-projected Chern marker ℂ(𝑙) = ∑ 𝐶-0 (𝑙) is stabilized at 1/2 for 𝑙 > 2, and rises up 
to 1 when  it passes over the last two layers, giving rise to a Chern insulator as a whole with ℂ = 1. 
In this sense, the penetration depth of the surface AHC is about two SLs, while the internal layers 
do not contribute to the AHC due to the homogeneous spin alignment. Such behavior is similar to 
the prediction of the axion insulator phase in a nonmagnetic bulk TI with gapped surface [5]. In 
addition, the slabs with more than 4 SLs are thick enough to reveal the half quantization localized 
𝐶#(𝑙) = −4𝜋𝐴 𝐼𝑚 1𝑁$QQ𝑋67$𝑌6%7$8 𝜌66%$(𝑙)66%7$ , 
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at the top two SLs, indicating an I-preserved, FM axion insulator phase regardless of the thickness 
of the whole slab. 
The FM MnBi2Te4 turns to a 3D Chern insulator when 𝑑 ≥ 1.7𝑑#, for which the Chern number 
of a 2D slice within the kx-ky plane at an arbitrary kz equals to 1 [29]. Despite sharing the same ℤ! 
invariant with the axion insulator, ℂ(𝑙) of the 3D Chern insulator behaves quite differently. As 
shown in Fig. 1(c), each bilayer contributes to an exact quantized Chern number 1, giving rise to 
a ℂ(𝑙) proportional to 𝑙. Therefore, there is no well-defined surface AHC, instead the total AHC of 
the slab is proportional to the total number of primitive cells in the slab. 
We note in Fig. 1(a) that bulk FM MnBi2Te4 falls in the vicinity of the boundary between axion 
insulator and Weyl semimetal [34], which is thus sensitive to numerical details such as the choice 
of exchange-correlation functionals and lattice constants [21,23]. Fig. 1(d) shows the 
corresponding ℂ(𝑙) for the Weyl semimetal phase obtained by applying a 1% lattice expansion. It 
is found that for the insulating slabs [29], the surface AHC is no longer quantized to 1/2 due to the 
bulk contribution. Especially for the slabs thicker than five VdW layers, the surface AHC 
contribution from the top and bottom two layers ranges from 0.42 to 0.35, while the internal-layer 
contribution increases linearly with the number of layers due to the bulk AHC contributed by the 
Fermi arcs [40]. For all these slabs, the distribution of the e2/2h AHC is not localized at one surface 
but extends to the center of the slab.  
Half-quantized surface AHC in MnBi2Te4/(Bi2Te3)n axion insulators  
We now focus on the axion insulator phase and its surface AHC in MnBi2Te4/(Bi2Te3)n 
compounds. The magnetic ground states for MnBi2Te4, MnBi4Te7 and MnBi6Te10 (n = 0-2) are A-
type AFM along the z axis with the local moments of Mn ordered ferromagnetically within each 
MnBi2Te4 layer [16,41]; while MnBi8Te13 (n = 3) is a ferromagnet [18]. From the perspective of ℤ! indices, all of the abovementioned compounds, no matter FM or AFM states, are I-preserved 
axion insulators according to our DFT calculations. Compared with FM MnBi2Te4, the topmost 
layer of the AFM phase contributes almost half-quantized AHC, i.e., 𝐶-(1) = 0.49, while the 
bottom layer contributes an opposite AHC 𝐶-(16) = −0.49, achieving a zero Hall plateau state 
with the total Chern number to be zero. Starting from the second layer, ℂ(𝑙) no longer saturates 
but oscillates around 1/2 with a period of the unit cell in the z direction, i.e., two VdW layers. 
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Every additional layer contributes reversely to 𝜎*+, due to the flipping spin direction, leading to 
the oscillation with the amplitude as large as 0.21e2/h. Such behavior is in sharp contrast to T-
preserved axion insulators proposed before. For the case of FM and AFM MnBi4Te7, the layer-
projected AHC at MnBi2Te4 termination reaches the half-quantized value after three or four VdW 
layers, then oscillates around e2/2h, again, due to the inhomogeneity of the magnetic moments. 
The oscillation period is also determined by the thickness of a unit cell, i.e., 2 (4) VdW layers for 
FM (AFM) phase.  
It is worthwhile to note that the half-quantized AHC of an axion insulator is a local property at 
the gapped surface. To demonstrate this, we consider a thick slab of FM MnBi4Te7, which is 
insulating for the MnBi2Te4 termination but metallic for the Bi2Te3 termination. We find that as 
long as Ef locates within the surface gap of the MnBi2Te4 termination, the corresponding surface 
AHC would stay around e2/2h. On the other hand, the surface AHC with the metallic Bi2Te3 
termination varies with different choices of Ef, with the details provided in Supplemental Material 
[29]. 
The above results reveal several features of the surface AHC for different topological phases in 
MnBi2Te4/(Bi2Te3)n, as summarized in the following. Firstly, while the axion insulator phase 
cannot be fully characterized by ℤ! = 2, it manifests a surface AHC saturated at or oscillates around 
e2/2h. Secondly, the locality of the surface AHC does not rely on the metallicity of the whole slab 
[42], but the zero contribution of the local Chern marker from the bulk state, i.e., ∑ 𝐶(𝑙)012.4.0∈678.97:0 =0. This can also be used as a criterion to distinguish the “surface” and “bulk” layers. Thirdly, the 
half-quantized AHC is contributed only by a few VdW layers (2~4) adjacent to the gapped surface 
in MnBi2Te4 and MnBi4Te7, which may be feasible for experimental observation. 
Experimental realization 
We next discuss the experimental prerequisite and signature of the half-quantized surface AHC 
in MnBi2Te4/(Bi2Te3)n. First of all, a gapped surface state of an axion insulator is the kernel to 
realize the half quantization effect. Figs. 3(a) and 3(b) provide the direct comparison of our ARPES 
and DFT results, from which we can distinguish two different types of surface gaps in 
MnBi2Te4/(Bi2Te3)n depending on the specific terminations. Type I originates from the typical 
surface magnetization that introduces a 𝑀-𝜎- term to a gapless Dirac fermion, exemplified by the 
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(001) surface of MnBi2Te4, and the MnBi2Te4-termination of MnBi2Te4/(Bi2Te3)n. We note that 
although the surface states of MnBi2Te4 are reported to be gapless due to the possible 
reconstruction of the geometric or magnetic configurations at the surface [43-45], there are still 
unambiguous surface gaps observed in various conditions including Sb-doped MnBi2Te4 and the 
MnBi2Te4-termination of MnBi8Te13 [46-48]. Type II, on the other hand, is caused by the 
hybridization effect between the upper Dirac cone and the bulk valence band, exemplified by the 
Bi2Te3-termination of MnBi4Te7 [49]. Compared with the magnetization gap, the hybridization 
gap exchanges the orbital characters of the surface band and bulk band. Nevertheless, the broken 
T also gives rise to imbalance Berry curvature with opposite momenta and thus a half-quantized 
AHC, with the details provided in Supplemental Material [29].  
One might wonder what kind of “mode” carries the half-quantized AHC in a realistic material, 
because ordinarily a hinge state carries, if any, an integer number of chiral modes when the two 
connecting surfaces are both gapped. In MnBi2Te4/(Bi2Te3)n compounds with Mn moments along 
the z direction, the AFM phase manifests a gapless Dirac cone at the side surface due to the 
combined symmetry between T and the half-cell translation [50], while for the FM phase the side 
surface could be slightly gapped by the magnetization and a lower crystal symmetry [see Figs. 4(a) 
and 4(b)]. Such a gap, stemming from a high-order effect of spin-momentum locking, is much 
smaller than that at the top-surface gap and can be neglected as long as the chemical potential lies 
outside the side-surface gap. Similar to the nonmagnetic TI, the manifestation of the bulk 
magnetoelectric response at the side surface, i.e., e2/2h AHC, is compensated by the opposite 
contribution from the surface Dirac cone, leaving a half-quantized AHC only from the top surface. 
Fig. 4c shows the local density of states of the hinge state of MnBi2Te4 formed by the gapped top 
surface (xy) and a gapless side surface (xz) [29]. In this spectrum there is a chiral mode embedded 
into the gapless side surface, giving rise to half-quantized AHC in total. Therefore, considering a 
thick-enough sample with the multi-terminal leads attached to one surface covering only a few 
VdW layer, one can expect the conductance plateau of e2/2h without magnetic fields through 
nonlocal measurements [51].  
A chiral boundary modes with integer AHC could also be detected at the magnetic domain wall 
at the surface of MnBi2Te4/(Bi2Te3)n as the evidence of half quantization. Domains with opposite 
magnetization on the surface can be effectively controlled using magnetic force microscopy. 
Previous experiments on thin films of magnetic TI Crx(Bi1-ySby)2-x resulted in dual edge modes 
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with a step change in Chern number 𝛥𝐶 = 2 at the domain wall, manifesting the Chern numbers 𝐶 = ±1 for each domain [52]. In stoichiometric MnBi2Te4/(Bi2Te3)n, on the other hand, the surface 
states from the opposite surfaces could be significantly decoupled by fabricating thick samples. 
We consider an effective surface Hamiltonian with a domain wall extending along the x axis: 𝐻(𝑥, 𝑦) = −𝑖𝑣B𝜕;𝜎< − 𝜕<𝜎;D − 𝑠𝑔𝑛(𝑦)𝑀-𝜎-. Such a Hamiltonian hosts a single chiral eigenmode 
with linear dispersion 𝐸 = 𝑣𝑘< localized at the domain wall as shown in Fig. 4(d), indicating a 
discontinuous change 𝛥𝐶 = 1. Since the two domains are related by time-reversal operation, this 
single chiral mode indicates the opposite surface Chern number ± ½ for each domain. Furthermore, 
measurable chiral state can also appear in the hinge of a geometrically designed sample, as an 
equivalent manifestation of high-order topology [53,54]. By cutting a FM MnBi2Te4/(Bi2Te3)n 
sample into a wedge shape, as sketched in Fig. 4(e), we achieve a fully gapped magnetic TI while 
the bottom surface state has an opposite half-quantized Chern number in comparison to other 
surface states. This leads to a chiral mode with e2/h AHC at the hinges of the bottom surface. To 
summarize, our finding establishes an ideal platform to realize the half-quantized AHC and the 
related topological magnetoelectric phenomena, paving new and accessible avenues within the 
long-sought axion states in condensed matter systems. 
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Fig. 1. (a) Phase diagram of the multilayer topological heterostructure in terms of relative spacing (𝑑 − 𝑑() 𝑑(⁄  and magnetization 𝑀 (rescaled as the number of Mn layers per VdW layer). Insets 
show the sketch of the heterostructure and ℤ!  indices with parities. Four pristine topological 
materials in FM phase Bi2Te3 (𝑀 = 0), MnBi4Te7 (𝑀 = 1/2), MnBi2Te4 (𝑀 = 1) and Mn2Bi2Te5 
(𝑀 = 2) are mapped at the vertical axis. (b-d) Integrated local Chern marker ℂ(𝑙) for MnBi2Te4 
slabs in (a) axion insulator, (b) Weyl semimetal, and (c) 3D Chern insulator phases. Different 
colors denote slabs with different thickness. 
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Fig. 2: (a-b) Integrated local Chern marker ℂ(𝑙) as a function of layer index 𝑙 for a 16-layer slab of 
(a) MnBi2Te4 and (b) MnBi4Te7. 
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Fig. 3: Comparison of band structures between ARPES and DFT results for the (001) surface of 
(a) MnBi2Te4 with slightly Sb doping and (b) the Bi2Te3-termination of MnBi4Te7. 
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Fig. 4: (a) Schematic plot of the x-direction hinge state of MnBi2Te4/(Bi2Te3)n at the gapped top 
surface (xy). Local density of states of (b) the gapless side surface state (xz) and (c) the hinge state 
marked in panel (a), showing a Chiral mode embedded into the Dirac cone of the side surface. (d) 
The energy spectrum with a single chiral mode at the surface of MnBi2Te4/(Bi2Te3)n with a 
magnetic domain wall. (e) Schematic drawing of a wedge-shaped ferromagnetic 
MnBi2Te4/(Bi2Te3)n, where the gap of the bottom surface is opposite to other surface gaps. The 
multi-terminal transport measurement with the leads attached at one surface could give rise to 
integer-quantized and half-quantized AHC for a wedge-shaped and an ordinary device, 
respectively.  
 
